In this paper we show an explicit construction of multipartite class of entangled states with the PPT (Positive Partial Transposition) property in every cut. We investigate properties of this class of states focusing on the trace distance from the set of separable states. We provide an explicit sub-class of the multipartite entangled PPT states which are arbitrary far from the set of separable states. We argue, that in the multipartite case the mentioned distance increases with dimension of the local Hilbert space. In our construction is we do not have to use many copies of initial state living on the smaller space to boost the trace distance as in the previous attempts to this problem. The problem of direct construction of PPT entangled states, which are arbitrary far from the set of separable states when increasing the local dimension, was started in the paper [1]. Authors described construction which is based on the notion of the private states, which gives the link between quantum entanglement and quantum security (see [2] and references within in it). Using directly properties of PPT private states and tensoring method -taking many copies of a given state -authors constructed class of the PPT states which are 2 − far from the set of separable states, whenever the dimension is 2 poly(log(1/ )) . Going further, in the paper [3] authors generalised mentioned result by showing, that to obtain PPT entangled states, arbitrarily far from the set of separable states, there is no need to use many copies of the initial state. Namely it is enough to take appropriate mixture of the private states defined on the orthogonal subspaces. Such construction implies, that the distance from the set of separable states scales with the dimension as d ∝ 1/ 3 for every > 0, and it improves scaling obtained in [1] . Moreover it was shown, that this new class of states reduces, for specific choices of parameters to many previously known examples of private states. Here we generalise construction presented in [3] into multipartite case. We show, that there exist states which are maximally far from the set of separable states and PPT entangled. Direct construction of such kind of density matrices is also presented. Up to our best knowledge this is the first result of such kind with further possible applications to the analysis of multipartite linear positive maps [4, 5] .
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I. NOTATION AND DEFINITIONS
Before the formulation of the main problem we have to say here a few words more about notation used in * email: studzinski.m.g@gmail.com this manuscript. In this section and in our further considerations by B(H) we denote the algebra of all bounded linear operators on the Hilbert space H, and we take H ∼ = C d . Using this notation let us define the following set:
which is the set of all states on a space H. 
Defining the partition p ≡ {X 1 , . . . , X k }, where X i are disjoint subsets of the indices X = {1, . . . , m}, ∪ k r=1 X r = X, we can say, that the state ρ A 1 ···A m is separable with respect to the partition p, if and only if it can be written as
(2) It is easy to see from the above definition that if k = n we obtain definition of fully separable state, and for k = m = 2, eq. (2) reduces to the standard bipartite definition of separability. In this paper we consider the multiparitite density matrices on B H ⊗n
In the previous papers treating on the similar problem authors deal with separable states acting on H A 1 A 2 B 1 B 2 in the cut A 1 A 2 : B 1 B 2 . In our multipartite approach (n ≥ 2) the separable states will be denoted as SE P (A,B) ≡ SE P, where A = A 1 A 2 . . . A n and similarly for B. Moreover, in the further part of this manuscript, whenever we talk about the distance from the set of the separable states we mean the following: Notation 1. Suppose that we are given with a quantum state ρ ∈ B (HĀ ⊗ HB) and the set of separable states SE P, then by dist ρ, SE P we understand the following quantity dist ρ, SE P = 1 2 min which is the minimal trace distance. In eq. (3) by || · || 1 we understand the trace norm which is defined as ||X|| 1 ≡ Tr XX † 1/2 for all matrices X.
As we see later, restriction to bi-separability is not a limiting factor in our problem.
II. CONSTRUCTION METHOD
The main goal of this section is the construction a class of the multipartite entangled operators
having PPT property with respect to any cut of subsystems and are arbitrary far from the set of fully separable states. Let us define ∀ k α k ∈ {0, 1} the binary vector α ≡ (α i , . . . , α n−1 ), such that α = 0. Secondly we define the operators of the partial transposition with respect to an arbitrary cut as
where
It is easy to see, that in total we have
such operators. Next we introduce the operators
where e ij
, with e ij = |i j| denotes the basis of n × n complex matrices M(n, C). Let us consider the following mixture:
. In the sum given by eq. (8) we can distinguish state ρ (0) in the maximally entangled form
Herein we define the rest of dN operators in such a way, that whole operator ρ admits the PPT property. Observe that ∀l = 0 there exists a bijection f : (α, i, j) → l which allows us to define off-diagonal term of l th − operators as
12 , where a
, (10) and for given l we have
Having the form of ρ
12 , together with all sub-blocks a 
where dots denote zeros and a
Remark 3
From all considerations presented in this section, we see that in particular case, when n = 2, for particular choice of parameters, we reduce our class of operators to already known examples of pbits (d A = 2) and pdits (d A = 3), where now d A plays role of dimension of the key part. For the detailed description we refer reader to [2] . Remark 4 Let us notice that in the recent paper [5] authors consider the similar operator as in (8) (in unnormalised form it is equivalent to our operator up to swap operation with respect to subsystems) to show that some linear positive maps are non-decomposable.
III. PROPERTIES OF GIVEN SUBCLASS OF STATES
To provide our main result we need to consider the following mixture of states:
where p + q = 1, D = 
Proof. We prove above statement by direct calculations, namely we have
At this point we use definition of the trace norm and rewrite above equation as
Because all operators in eq. (16) are hermitian and supported on orthogonal subspaces, we reduce eq. (16) to
(17) Making further simplification, finally we obtain:
Before we go further in our considerations, we make here some specific choice of the interior structure for the states from eq. (13). Namely, we assume the following PPT-invariant form of the sub-blocks:
where 1 ≤ i, j ≤ d A and for every 1 ≤ l ≤ ND we have 1 ≤ r, s ≤ 2. Matrices a, b have the following spectra:
where 0 in spec(b) is taken d n B − 1 times. Now we are in the position to formulate and prove the following: Lemma 6. Let us consider class of states ρ given by eq. (13), together with specific choice of sub-blocks from eq. (19). Then the parameter q describing the trace distance in Lemma 5 is equal to
where N is given by expression (6).
Proof. To get the result we need to consider positivity of the state ρ from eq. (13) before and after partial transposition with respect to every possible cut. Then we use the property that all sub-blocks given in eq. (19) are PPT invariant, so their spectra remain unchanged after that partial transposition. Since all the states taken for the construction of ρ are supported on the orthogonal subspaces checking positive semidefiniteness of ρ is equivalent to checking the positive semidefiniteness of the following matrix
and real matrices a, b are given in by eq. (19). Using analogous observation we deduce condition for positive semidefiniteness of ρ after partial transposition:
Matrices X, Y can be decomposed as
In eq. (24) by 1 n , 1 2 we denote n × n, 2 × 2 identity matrices respectively By I n , I 2 we denote n × n, 2 × 2 matrices filled with ones only. Matrix I n has only one nonzero eigenvalue equal to n. Because all terms in the decomposition given by eq. (24) commute we can write positivity conditions from (22), (23) using components of (24):
First and the third inequality in (25) are always satisfied. Non-trivial condition we get from the second and the fourth inequality getting
Using constraint p + q = 1 and D = 
Inserting explicit form of eigenvalues λ(a), λ(b) given in (20) we get:
where the number N is given in expression (6). This finishes the proof.
The next goal of this section is to compute the trace distance between set of the separable states SE P defined as in Section II. Namely, we have the following Lemma 7. The trace distance between class of multipartite states given by
with sub-blocks from (19) is bounded from below as
In the above we take D =
Adopting the result from [1] we arrive at:
Now let us take the closest separable state σ sep to the state ρ given in eq. (13) 
In the next step we can use the statement of Lemma 6 taking the worst possible choice of
This finishes the proof.
Remark 8 One can see that since SE P ⊂ SE P, expression (29) from Lemma 7 gives us lower bound on the trace distance also from fully separable states as well as from any set of partially separable states. Let us notice, that for the generic case for qubits states i.e. n = 2, d A = 2, d B = 2 our bound achieves minimum. At the end of this section lest us consider the scenario in which the multipartite PPT sate ρ acts on
. Now we show that states from our class can be arbitrary far from the set of separable states SE P in the mentioned cut for the fixed number of subsystems n. Namely we have the following:
Theorem 9. For every > 0 there exists PPT state ρ given by eq. (13) with eq. (19) acting on B(
Proof. In order to show existence of PPT state which satisfies condition from eq. (35) it is enough to consider the worst case scenario by taking /2 = 1/d n A , and
Remark 10 To achieve an arbitrary large distance we do not have to consider so called tensoring (or boosting -taking many copies of state) introduced in [1] , it is enough only to increase dimension d B for fixed dimension d A . This is generalizing of theorem given in the paper [3] . Remark 11 Theorem 9 can be easily generalized to different cut, i.e. states acting on B(C d ⊗ C d ), where d = d.
IV. SUMMARY
In this paper we present a wide class of multipartite entangled density operators which are PPT invariant with respect to every cut, arbitrary far from the set of separable states. Our method of construction in based on mixing multipartite states defined on orthogonal spaces and imposing set of constraints on positive semidefiniteness of the final mixed state before and after the partial transpositions. We discuss distance of any state from our class from the set of separable states as a function of mixing parameter q. Afterwards we show, that we are able to construct special, but nontrivial subclass of states, for which we evaluate mentioned distance as the function of dimension d B . As we stated in Remark 10 the novelty of our approach lies in the fact, that to boost the distance between states from our class and the set of separable states we do not have to use many copies of them like in the previous approaches. Namely we prove, that mentioned distance decreases with growing dimension d B for fixed n. Speaking more precisely, we show that for every > 0, we can find entangled PPT state from our class which is 1 − far from the set of separable states. The scaling of with the dimension is d ∝ 1/ 2+1/n .
